EXISTENCE VERIFICATION FOR HIGHER DEGREE SINGULAR
ZEROS OF COMPLEX NONLINEAR SYSTEMS*
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Abstract. It is known that, in general, no computational techniques can verify the existence of
a singular solution of the nonlinear system of n equations in n variables within a given region x of
n-space. However, computational verification that a given number of true solutions exist within a
region in complex space containing @ is possible. That can be done by computation of the topological
degree. In a previous paper, we presented theory and algorithms for the simplest case, when the
rank-defect of the Jacobi matrix at the solution is one and the topological index is 2. Here, we
will generalize that result to arbitrary topological index d > 2: We present theory, algorithms, and
experimental results. We also present a heuristic for determining the degree, obtaining a value that
we can subsequently verify with our algorithms.
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1. Introduction. Our fundamental problem is

Given F : x — R™ and x € IR", rigorously verify:
(1.1) o there exists a unique * € x such that F(z*) = 0, where
L= {(xl,xg,...,xn)T 6R”|gi <uz; <71 Sign}7

where the z, and Z; represent constant bounds on the problem variables ;. When
the Jacobi matrix F’(z*) well-conditioned and not too quickly varying, interval com-
putations have no trouble proving that there is a unique solution within small boxes
with a* reasonably near the center; see [4, 9, 11]. When F’(z*) is ill-conditioned or
singular, in general, no computational techniques can verify the existence of a solu-
tion within a given region x of R™. However, in the singular case, computational but
rigorous verification that a given number of true solutions exist within a region in
complex space containing @ is possible, as we indicated in [10]. In [10], we studied the
simplest case, when the rank-defect of the Jacobi matrix at the solution is one, and we
developed and experimentally validated algorithms for the case when the topological
index is 2. There, we proved the special case of Theorem 3.1 when d = 2 under the
same assumptions as those in §2, we developed specialized versions of the algorithms
in §4, and we presented varying-dimensional experimental results.

We were surprised and pleased that the results in [10] could be generalized so eas-
ily. In particular, we developed an alternate simple, general proof for Theorem 3.1.
Furthermore, the algorithms in §4, although not taking advantage of special efficien-
cies in the degree-2 case, are similar in structure and have the same computational
complexity as the algorithms in [10].

1.1. Notation. We assume familiarity with the fundamentals of interval arith-
metic; see [1, 4, 9, 11, 13] for introductory material.
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Throughout, scalars and vectors will be denoted by lower case, while matrices
will be denoted by upper case. Intervals, interval vectors (also called “boxes”) and
interval matrices will be denoted by boldface. For instance, € = (x4, ..., x,) denotes
an interval vector, A = (a;;) denotes a point matrix, and A = (a; ;) denotes an
interval matrix. The midpoint of an interval or interval vector x will be denoted by
m(x). Real n-space will be denoted by R™, while complex n-space will be denoted by
Cn.

Suppose & = (1, ...,x,) is an n-dimensional real box, where x) = [x,Z;]. The
non-oriented boundary of @, denoted by &, consists of 2n (n — 1)-dimensional real
boxes

wEE(w17~--7mk71;£k7wk+17"'7wn) and wEE(wlw"7$k7175k7mk+17"'7wn)a

where k = 1,...,n. If x is positively oriented, then the derived orientation of xj is

(—1)* and the derived orientation of @z is (—1)*T1; see [10].

1.2. Formulas from Degree Theory. In [10], we reviewed the topological
degree in the context of this paper. Also see [2, 3, 6, 7, 12, 14]. Here, we repeat
several properties used in the proofs in subsequent sections.

THEOREM 1.1. ([12, p. 150]) Suppose that the Jacobian matriz F'(x) is nonsin-
gular at each zero of F. Then, the degree d(F,D,0) is equal to the number of zeros of
F at which the determinant of the Jacobian matriz F'(x) is positive minus the number
of zeros of F at which the determinant of the Jacobian matriz F'(x) is negative.

Theorem 1.1 gives some intuition of what the degree is, under the conditions in
the theorem. It’s a kind of counting of zeros of F' in D.

THEOREM 1.2. ([12, p. 150]) Let F, G : D C R® — R" be two continuous
functions. If F(x) = G(z) for x € 8D, then d(F,D,0) = d(G,D,0).

Theorem 1.2 states one of the most important properties of degree: the degree
depends only on the function values on the boundary.

THEOREM 1.3. ([12, p. 152]) Let o = min{||F'(z)|,|x € OD}. If

— 1
sup{|F(z) = G(z) |, € D} < 2,
then
d(F,D,0) = d(G,D,0).
Theorem 1.3 tells us that small perturbations of F' don’t change the degree.

THEOREM 1.4. ([12, p. 157]) Let F, G : D C R" — R" be two continuous
functions. If

0¢{tF(z)+ (1 —-t)G(z)|z € 8D and t € [0,1]},
then
d(F,D,0) = d(G, D, 0).

Theorem 1.4 is the famous Poincaré-Bohl Theorem. It’s a particular case of the
homotopy invariant property of the topological degree.
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Suppose F : D C C* — C" is analytic, and view the real and imaginary com-
ponents of F and its argument z € C™ as real components in R?". Let z = z + iy
and F(z) = u(w,y) + iv(z,y), where v = (21,...,7), ¥y = (Y1,---,Yn), u(x,y) =
(ur(z,9),...,un(z,y)) and v(z,y) = (vi(x,y),...,va(z,y)). We define D by

f) = {(xlvyla"'vxnvyn)l(xl +iy17-~-axn +Zyn) S D}

and F : D ¢ R — R2?" by F = (u1,v1,...,Un,vy). Then, we have the following
property of topological degree d(F 7f),O), and relationships between d(F,D, 0) and
the solutions of the system F'(z) =0 in D.
THEOREM 1.5. ([10]) Suppose F : D C C* — C" is analytic, with F(z) # 0 for
any z € 0D, and suppose D and F : D — R2" qre defined as above. Then
1. d(F,D,0) > 0.
2. d(F,D,0) > 0 if and only if there is a solution z* € D, F(z*) = 0.
3. d(F,D,0) is equal to the number of solutions z* € D, F(z*) = 0, counting
multiplicities.
4. If the Jacobi matriz F'(z*) is non-singular at every z* € D with F(z*) =0,
then d(F,D,0) is equal to the number of solutions z* € D, F(z*) = 0.

1.3. A Basic Degree Computation Formula. If we let

Fop(x) = (fu(@), ..., fi1(@), frpa (), ..., ful)

and select s € {—1,1}, then d(F,x,0) is equal to the number of zeros of F_; on dx
with positive orientation at which sgn(fx) = s, minus the number of zeros of F_j on
Ox with negative orientation at which sgn(fx) = s. The orientation of each zero can
be computed by computing the sign of the determinant of the Jacobian of F-j and
by taking into account the orientation of the face of  on which the zero lies.

Next, we present a degree computation formula that is similar to a formula used
in [10]; see Theorem 2.5 of [10]. We can get the formula in the following theorem by
noticing formulas (4.12) and (4.14) in [14] and by taking the orientations of the faces
of x into account. We will use this formula to derive the computational procedures
in §4.

THEOREM 1.6. Suppose F' # 0 on 8z, and suppose there is p, 1 < p < n, such
that:

1 Fopy=(f1,-- s fo-1: fot1s-- s fn) #0 on Oz or Oxy, k=1,...,n; and
2. the Jacobi matrices of F-, are non-singular at all solutions of F-, = 0 on
ox.

Then

OF.,

0X1%g .. . T 1Tht1 --- Ty

()

b

d(F,z,0) = (—1)p_1s{ Z(—l)k Z sgn

k=1 TET Y
Fop(x)=0
sgu(fp(z))=s

-l-E:(—l)’”‘1 Z sgn

k=1 mewz
Fop(2)=0
sgn(fp(z))=s

OF-,
8l‘1$2 o T—1Tk41 -+ - Ty

()

where s = +1 or —1.



2. Assumptions and Choice of Box. In this section, we present the basic
assumptions. We also introduce how we choose the coordinate bounds x; = [z;,7;]
to satisfy the assumptions and enable more efficient algorithms. When the rank of
F'(z*) is n — p for some p > 0, an appropriate preconditioner can be used to reduce
F’(x) to approximately the pattern shown in Figure 2.1. (See [9] and [10] for details
on preconditioning.)

p
1 0 oo 0 %Lk
0O 1 0.. 0 = *
YF'(z)=1| 0 1 % .
0 0 0 0 0
0 ... 0 0 0...0

Fia. 2.1. A preconditioned singular system of rank n — p, where “«” represents a non-zero

element.

In the analysis to follow, we assume that the system has already been precondi-
tioned, so that it is, to within second-order terms with respect to w(x), of the form
in Figure 2.1. Here as in [10], we concentrate on the case p=1.

2.1. The Basic Assumptions. As in the special case d = 2 of [10], we assume

1. F:D CR" — R" can be extended to an analytic function in C".

2. ¢ = (x1,...,2) = ([21,T1],...,[2,,,Txs]) is a small box constructed to be
centered at an approximate solution #, i.e. m(x) = (&1,...,%x).

3. & is near a point z* with F(z*) = 0, such that || — 2*|| is much smaller
than the width of the box @, and width of the box « is small enough so that
mean value interval extensions lead, after preconditioning, to a system like
Figure 2.1, with small intervals replacing the zeros.

4. F has been preconditioned as in Figure 2.1, and F'(z*) has null space of
dimension 1.

Denote
akz%(f), 1<k<n-1,
a, = —1,
oF

A = %

! ‘83:1 .. 0z, (7)
Ay = i: . zn: 0" frn (ﬂ'c)a;ﬁ ALy s 2<d

P ka1 &’Ckl al'k

The following representation of f(x) near & is appropriate under these assumptions.

(1) filx) = (o — o) + a0 — 30) + O (JJo — 7]
for1<k<n-1.

22 =5 33 ST @, )~ )
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1 " n adfn 3 . )
2 D i iy Pk~ ) (e — )
-

ki=1

+0 (Jle = 2*1).

(2.3)  fr(z) = (g — Zg) + ap(zy — Zy) for 1<k <n-—1.

24)  fule)m g 30 I (@), — ), )

..8$kd

+li zn:iadf" (&) (zh, — Tpy) - (Thoy — Tiy)
dl ...kd: (’)xk ] k1 ki)~ kq kq)-

For F: R" — R", extend F' to complex space: x + iy, with ¢ in a small box y =
(yl, - ,yn) = ([gl,yl], e [gn,yn]), where y is centered at (0,...,0). Define & =

(m17y17 cee ’wnvyn) = ([&1751]7 [ylayl}a R [gnvf’n]? [ynvyn])7 uk(xvy) = %(fk(m"_ly))
and vg(z,y) = S(fr(x + iy)). With this, define

F(z,y) = (i (z,y),01(2,9), -, un (2, 9), vn (2, 9)) : R7" — R
Also define

Fﬁun (Z‘,y) = (’Ll,l(l',y),lq(fﬁ,y), B un_l(:z:,y),vn_l(a:,y),vn(x,y)).
Then, based on (2.1) and (2.2), for 1 <k < (n—1),

up(z,y) = (vx — Zg) + ax(@, — )
(2.5) +0 (@ —z.9)I*).
w(wy) = et +0(lz—ayP),
up(z,y) =~ () — Tk) + Ty — ),
(2.6) U:(% y) ~ ykk+ ak};n- ' }

2.2. Choosing the Coordinate Bounds. We use a similar scheme to that of
§5 of [10]. In particular, having defined zj and @z in §1.1, we define y, and yy
similarly:

Y = (m17y17 s 7mk—1ayk—17mk7gk7mk+17yk+l7 ce 7mn7yn) and

yE = ($17y17 ce 7wk—1ayk—lvmk7yk7wk+l7yk+17 s 7wnayn)'

To compute the degree d(l*:’,a?,O), we consider Fﬁu" on the boundary of . This
boundary consists of the 4n faces 1, 1, Y1, Y1, - - -, Tn, Ty Yy, Y5 We set &, and
Y,, in such a way that

o {W(wk)

1
2. \\Y < — < = 1
(2.7) (zn) min on } and w(y,) < 5 lgrkmzl_l{ o

— 21<k<n-1
Constructing the box widths this way makes it is unlikely that wuy(z,y) = 0 on either
xy or x; and unlikely that vy (z,y) = 0 on either Yy Or Yz, where k =1,...,n— 1.
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This, in turn, allows us to replace searches on 4n — 4 of the 4n faces of & by simple
interval evaluations, reducing the total computational cost dramatically. See [10] for
details.

A difference between the scheme used here and that of [10] is the way the ratio
w(y,,)/w(xy) is chosen. In [10], w(y,,) was chosen large relative to x,, to arrange no
solutions of u, = 0 on y,, and y;. When the degree is odd, that is not possible, and
we have found the strategy represented by formula (4.3) below, implying w(y,,) small
relative to w(x,) as in Figure 4.1 below, to be more convenient.

3. A Theorem. In [10] we proved that, under the assumptions in §2, if (2.3)
and (2.4) are exact for d = 2, and if A; = 0 but Ay # 0, then d(ﬁ,:%,O) = 2. Here,
we generalize that result to Ay =...=A4_1 =0, Ag #0.

THEOREM 3.1. Suppose

1. all the assumptions in §2 are true;
2. (2.8) and (2.4) are exact; and
8. A=...=A;.1=0, Ay #0, where 2 < d.

Then d(F,&,0) = d.

In contrast to the proof in [10], we use a homotopy argument to prove Theo-
rem 3.1.

Proof. Let z = (21,...,2n) = (1 + iy1,..., Ty + iyn). Then

F(z) = (f1(2); -+ fa1(2), fu(2)),

where

Fule) = (= ) + 2L (@) on — 20)

n

forl1<k<n-1,

n n 2
(B1)  Fale) =g 30 S (@)~ E) (ks — )

We construct G : C* — C” by

G(Z) = (91(2’), s ,gn_l(z),gn(z)),
where
gk(z):(zk—ék) fOI‘l Sk’gnfl,

1\d
(32 gulz) = 0B,z

Let pr(z,y) = R(ge(z + iy)) and qu(z,y) = S(gr(z + iy)). With this, define G :
R2n N R2n by

G({L‘7y) = (P1($7y)7Q1(957y)= s 7pn(x7y)= qn(:my))
We will first prove d(ﬁ,i:, 0) = d(G, Z,0). Define

F(a,y) + (1 - t)G(z,y)
F(z)+ (1 —-t)G(2).
6



We will prove that H((x,y),t) # 0 when (z,y) € 0& and t € [0,1]. It’s clear that
H((z,y),t) = 0 is equivalent to H(z,t) = 0, so we consider H(z,t).

H(zt) = (Hl(z,t)7 . .,Hn(z,t))
= (th(2) + A= 091() s thama (2) + (1= g (2),
Eal2) + (1= 0)ga(2))
- (t((zl — %) +a1(zm — ) + (1 = t)(21 — 51), ...,
t((zn-1— Zn—1) + n—1(2n — Z,)) + (1 — ) (2p—1 — Zn—1),
)+ (1= TR )
- <(z1 5t (zn — Fn)s e es (2ot — Fnt) + tn_1(2n — ),

_\d
() + (1 ) R )

Thus, H(z,t) = 0 implies zx = 2, — tag(zn — 2,) for k = 1,...,n — 1. Plugging
2k — Zx = —tay(zn, — Z,) for each such k into (3.1), we get

fn(z) = o Z Z 87(1')(_1)%20%10%2 (Zn - Zn)Q .t

2! P 8xk18xk2
(=) VRN - 0 fn ;
+ Zn — Zn . T)og, «
! ) = k; D, - g, (ko Ok
-1 2t2A 5 -1 d*ltdflA _ 5 B
:7( )2! 2(zn—zn)2+...—|—( )(d—l)! dl(zn—zn)d1
—1)%eA §
_(=D)%A . \d
= T(zn —Zn)%.
Thus, the last component of H(z,t) is:
—1)4A
tha(z) + (1 - t)(;i,d(zn — z,)"
—1 dtd+1Ad . -1 dAd L
= %(zn —2) 4+ (1 - t)%(zn — )¢
(1)1 =t + A, .

= (zn — Zn)".

d!
Whent=0and t =1,1—t+t¥1 =1, When t € (0,1), 1 — ¢+t > ¢d+l > 0,
Thus, 1 — ¢ + ¢3! #£ 0 for ¢t € [0,1]. Then, H(z,t) = 0 implies (2, — ,)% = 0, and
consequently, z, — 2, =0 or z, = Z,.



Now we know H(z,t) has a unique zero at (Z1,...,2n—1,%n) = (Z1 — tai(z, —
Zn)se s Zn—1 — tan_1(2n — Zn), Zn). Accordingly, H((x,y),t) has a unique zero at
("Elvgla ey T 1, Yn—1, ‘%nagn) = (*’El - tal(xn - zi'71)> (gl - tal(yn - gn)v ceyTpo1 —
tan—1(Tn —En), Jn-1—tn—1(Yn —Un)s En, Un). Based on the way we have constructed

x, and y,,, we have

w(an) _ w(@)

|2k — k| = [tk (zn — &n)| < [on(zn — En)| < o]

2 2
- . . . WY, wy
and (5 — Gl = [t — 5)] < [ — ) < Jo T22) < V),

where k = 1,...,n—1. Thus, Ty ¢ 0z and gy, ¢ Ay, for k =1,...,n— 1. Obviously,
Ty = & ¢ Oz, and §p, = §n ¢ Oy,,. This implies H((x,y),t) # 0 for (x,y) € O and
t € [0,1]. Then, by Theorem 1.4,

d(F,%,0) = d(G, &,0).
Next, we prove d(G, &,0) = d. Perturb G(z) by an arbitrary small € to define
GE(Z) = (916(2)7 s 79(71—1)6(2)7 gne(z))a
where

gke(2) = gp(2) = (21, — ) for 1 <k<n-1,

(=1)?Aq
d!

Let pre(2,y) = R(gre(z + i) and gie(x,y) = S(gre(x + iy)). With this, define

(33) gne(z) = gn(Z) +e= (Zn — 2n)d + €.

Ge(xay) = (ple(x; y)vqlé(xay)v oo apné(xvy)7qn€(m’y))'

It is obvious that pr(z,y) = 2~ and qre(2,y) = yr—yr for k = 1,...,n—1. Assume
€ is small enough. Then, G¢(z), and thus G¢(x,y), have d zeros Z = (21, ..., Zn—1, 2n),
or r = ({fl,gl,...,.fn_l,gn_l,.fn,jn) in .’i, with gk — 2k = 0, or ik — T, = 0 and

Gk — gk = 0for k= L. on—1 and (2, — %) = s # 0. 322(3) =

_1)4 - . _
((dlllﬁd (Zn - Zn)d ! 7é 0.

10 0 0 0
0 1 0 0 0
IG. @) o e :
x =
0r10y1 . .. 0x, 0y, 00 ... 1 0 0
OPpne  ODne
00 ... 0 ngn ;I
0 0 0 %": %
Opne  Opne Opne  Opne
(34) = ngnz adé/:‘ = dgpnné 88;5/:6
Oz, Oyn T Oyn  Ozn
e\’ Wnc " |0gne |
= = z > O
(axn ) - ( Dyn 9z )

Thus, by Theorem 1.1, d(Ge,#,0) = d, and then d(G,#,0) = d by Theorem 1.3.
Finally,
d(F,,0) = d(G, &,0) = d.
8
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Unless the components of F' are exactly linear and degree d polynomials, the
equalities (2.3) and (2.4) in §2 are not exact, but are only approximately true to
second order. However, if second-order approximations are accurate, we can expect
the degree to be equal to d. The disadvantage of the proof of Theorem 3.1 is that it
does not lead to a practical computational technique. If we try to verify H(z,t) # 0
or H((z,y),t) # 0 when (z,y) € 2 and t € [0, 1], then it would require an inordinate
amount of work for a verification process that would normally require only a single
step of an interval Newton method in the nonsingular case. First, we would need
to compute Ay, which involves all partial derivatives of order 1 and order d. This
is expensive when both n and d are large. Second, we would need to know where
the solutions of w,(z) = 0 and v,(x) = 0 are on x,, r, ¥, and y; when z; =
Zr — tak(z, — Z,), and the search process for such solutions is expensive.

We could try to verify H(z,t) # 0 when (z,y) € 0% and ¢ € [0, 1] in another way:
verify H(z,t) = 0 has a unique solution in the interior of & when ¢ € [0, 1]. However,
we will run into the singular situation again if we do that.

In fact, there is an alternative algorithm to compute the degree. That will be the
subject of next section.

4. Algorithm. The algorithm we present here is similar to the algorithm in [10].
Based on Theorem 1.6 in §1.2, the following theorem underlies our algorithm.
THEOREM 4.1. Suppose
1. up #0 on xg and Tz, and v, #0 on yy, and y;, k=1,...,n —1;

2. F-, = 0 has solutions, if there are any, on T, and xx with y, in the interior
of y,, and ﬁ!un = 0 has solutions, if there are any, on y,, and y; with z,
in the interior of x,; B
3. u, # 0 at the solutions of Fwn = 0 in condition 2; and
4. the Jacobi matrices of ﬁ'ﬁun are non-singular at the solutions of Fﬂun =0 1in
condition 2.
Then, for a fized s € {—1,1},

(z,9)

~ OF_,
d(F,x,0) = —s sgn ~
( ) I; s 0r1y1 ... Tn—1Yn—1Yn

_ —-n
Feyy, (z,y)=0

sgn(un (z,y))=s
OF.,
+s Y sgn } (@)
R OT1Y1 -+ Tn—1Yn—1Yn

Foy, (2,5)=0
sgn(un (z,y))=s

+s Z sgn 8x1y1

Yn=Y
=n

th’L‘un

v Tn—1Yn—1Tn

(z,9)

Fnyy (2,9)=0
sgn(un (v,9))=s

oy
—s Z sgn OFu, (z,y)|.

51’12/1 <o Tn—1Yn—1Tn

Yn=Un
Py, (2,9)=0
sgn(un (@,9))=s
Proof. Condition 1 implies F # 0 on xy, o, y, and yz, k= 1,...,n — 1, and
conditions 2 and 3 imply F # 0 on Ty, Tw, Y, and yz. Thus, F # 0 on 8%. Now,
9



condition 1 implies Fﬁun # 0 on Oxy, Oxy, Oy, and Oy, k =1,...,n — 1. Oz,
consists of 2(n — 1) (2n — 2)-dimensional boxes, each of which is either embedded in
some Ty, T, Yy, OF Yz, 1 < k <n—1oris embedded in 9y, or dy;. Thus, by 1 and
2, F.y #0on Ox,. Similarly, F.. # 0 on &z, By, and dy... Thus, condition 1
in Theorem 1.6 is satisfied. Finally, with condition 4, all the conditions of Theorem
1.6 are satisfied. The formula is thus obtained. O

By constructing the box & according to (2.7), we can verify uy # 0 on x} and x,
and vy # 0ony, and yz, k= 1,...,n—1, since ug(x,y) = (vx —&x) +ar(rp —In) # 0
on xy and xz, and vk (z,y) = yx + aryn # 0 on y;, and yz. This only needs 4n — 4
interval evaluations. Then, we only need to search the four faces ,, %, y,, and y;; for
solutions of F_,, (z,y) = 0, regardless of how large n is, thus dramatically reducing
the total computational cost. The four faces x,, x, ¥, and yz remaining to be
searched are (2n — 1)-dimensional boxes. However, exploitation of (2.5) will reduce
the search of solutions of F_,, (x,y) = 0 on the (2n—1)-dimensional boxes to actually
a one dimensional search. We use x,, as an example to explain this.

On z,, z, = z,. We know from (2.5) that if x, is known precisely, formally
solving uy, (e, y) = 0 for x}, gives sharper bounds &, with w(&;) = O (||(z — & v)]°),
1 <k <n—1. Then, we can divide y,, into smaller subintervals. For a small
subinterval y° of y,,, we can formally solve vy (x,y) = 0 for y; to get sharper bounds
Y, with w(g,) = O (max(H(a:fi,y)HQ, Hy%”)), 1 <k <n-—1. Thus, we have
reduced the search to searching the one dimensional interval vy,,, much less costly
than searching a (2n — 1)-dimensional box when n is large. Furthermore, if we know
approximately where the solutions of Fﬁu” (z,y) = 0 are, we can even reduce the cost
of the one dimensional search. To this end, we will next analyze the solutions of
flun (x,y) = 0 on the four faces x,,, x7, y,, and y;.

For convenience of analysis, assume (2.3) and (2.4) are exact. In other words, for
1<k<(n-1),

up(z,y) = (o —Tx) + oy — Tn),
(1) ) = Ykt Yn. }

and

1 n n 82 " 3 3 3
fue) = = S0 I e - ) e — B

0xy, O
fim1 ka1 O k19 lke

n n d
S S )k — ) (o — ),
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From this, Fﬁun(x,y) = 0 implies ug(z,y) = 0 and vg(z,y) = 0, ie. fr(z) = 0,

whence z, = 2 — ag(z, — 2,) for k=1,...,n— 1. In terms of the real and imaginary
coordinates,
(4.2) vy = T — (T — Tn),

Y = —OklYn,

for k=1,...,n—1. Plugging z;, — 2 = —ag(zn — 2,), k= 1,...,n—1, into f,(z) as
in the proof of Theorem 3.1 then gives

(—1)%Aq

d!
10

(zn — 2n)d.

fu(2) =



FiGc. 4.1. When d is odd. Here, d = 3. v, = 0 on solid lines and u, = 0 on dashed lines. The
thick dots are the solutions of Fy,, (z,y) =0 on 8.

Thus, u(z.y) = R(fa(z) = S2R((e — £)%) and va(e.y) = S(fu(2))
= %%((Zn — Z,)%). Setting 2, — %, = r(cos(#) + isin(f)), we obtain u,(z,y) =
(71;:{'A"rcos(d9) and vy, (z,y) = %rsin(d&), 50 up(z,y) = 0 is equivalent to
cos(df) = 0 and v, (z,y) = 0 is equivalent to sin(df) = 0. If we choose x,, and y,,
such that

(4.3) XEZZ; = tan (41d) , that is, w(y,,) = tan (I—d) w(xy,),

then all solutions of v, (z,y) = 0, and consequently all solutions of Fﬁun (z,y) =0 are
arranged in a known pattern on x,, z, y,,, and y5. In particular, on ©,, &, = z,,.
vn(2,y) = 0 has a unique solution ¢, = 0. Plugging these into (4.2), we get the
unique solution of F_,, (z,y) = 0 with

(jag) = (i‘l - Ofl(ln - 53”)7 Oa s 75:TL—1 - Oén_l(ﬁn - jjn)a O7£na O) .

Similarly, F-,, (z,y) = 0 has a unique solution on x7 with
(577g) = (-i'l - al(fn - jf'n)707 sy :Enfl - anfl(fn - i'n)7oafn70)-
On y,, ¥n =y, vn(z,y) = 0 has d — 1 solutions with

(4.4) fo= VW) g 1 aa
tan(%)

Plugging these into (4.2) gives the d — 1 solutions (&, §) of F_,, (z,y) = 0 with

Gy 7 wYn) ; W) .
(.’E, ZU) = (:Tl —Qq (7,,;7(77 - .’L'n),a]_gn7 ceey 1 — Qp_—1 (W — .Z'n) s
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3 - w(Yn) _V>
oot~ (5.

Similarly, -, (z,y) = 0 has d — 1 solutions on y5 with

(z,9) = <f1—a1<%—in>,...,anl(‘7\w’i_in) ’

. w Y . _
—On—1Yp, Tn — ((:LBF) - xn)a%z) .

tan (7

For example, Figure 4.1 gives the solutions of v,(x,y) = 0 on the four faces x,, xs,
y,, and yz when d = 3.

To use the above analysis to find approximations to the solutions of ]:"ﬁun =0

on the faces we search, we need to know d; we present a heuristic for d in the next
section.

Now, we present our algorithm. The algorithm consists of three phases:

1. the box-construction phase where we set ,

2. the elimination phase where we use interval evaluations to verify that uy # 0
on xy and g, and vy # 0 on y, and y;, where 1 < k < n — 1, and thus
eliminate those 4n — 4 faces, and

3. the search phase, where we

(a) search @, T, y, and Y5 to locate the solutions of ., (z,y) =0,

(b) compute the signs of u,, and determinants of the Jacobi matrices of F_,,,
at those solutions,

(c) compute the degree contributions of each of the four faces x,, x7, v,
and y;; according to Theorem 4.1, and B

(d) finally sum up to get the degree.

ALGORITHM 1
Box-setting Phase
1. Compute the preconditioner of the original system, using Gaussian elimina-
tion with full pivoting.
2. Set the widths of @ and y, (see explanation below), for 1 <k <n — 1.
3. Set the width of x,, as in (2.7).
4. Set the width of y,, to be the minimum of that obtained from conditions (2.7)
and (4.3).
Elimination Phase
Dofor1<k<n-—1
1. Do for x and x5
(a) Compute the mean-value extension of uy over that face.
(b) If 0 € uy, then stop and signal failure.
2. Do for y,, and yz
(a) Compute the mean-value extension of vj, over that face.
(b) If 0 € vy, then stop and signal failure.
Search Phase
1. Set the value of s € {+1, —1}.
(a) Initialize s to be +1. Initialize search_lower and search_upper to be false.
(See the second note below.)
(b) Do for x,, and xx

12



i. Use mean-value extensions for ug(x,y) = 0 to solve for xy to get
l@—ay)*), 1<k <n-1,
and thus to get a subface &), (or %) of x,, (or @x.).
ii. If & Nz = 0, then cycle.
iii. Compute the mean-value extension w,, over ', (or :c%)
iv. If u, contains 0, then set search_lower (or search_upper) to be true
and cycle.
v. If u, does not contain 0, then set s = —sgn(u,,).

(c) If w, does not contain 0 on both @, and xz, then set s to be the opposite
sign to the sign of u,, on x7, and if u,, has different signs on x,, and =5,
then set search_lower to be true.

2. For x,, (or @), if search_lower (or search_upper) is true, then take x,, and 0
as inputs and apply Algorithm 2 to compute the degree contribution of x,,
(or z7).

3. For y,, (or yz)

(a) Use (4.4) to compute the z™, m =d —1,d —2,...,1, 3471 < 7472 <

. < &L corresponding to the d — 1 approximate solutions of Fﬂun =0

sharper bounds j with width O

/\

on y,,.
(b) Divide x,, into d — 1 parts I, m = 1,...,d — 1 as follows:
T, = [z,, (& +3)/2], @ =@+ 3n)/2, @y + 3 /2]
form=2,...,d—2,and ¢! = [(#4-2 + 74-1)/2,7,].

(¢c) Doform=1,...,d—1.
. Set a subface y}' of y,, (or y2 of y;;) by replacing x,, by «
ii. Apply Algorithm 3 with y,, and Z7' as inputs, to compute the degree
contribution of y;* (or y=.)
(d) Add the degree contributions in the last step to get the degree contri-
bution of y,, (or y-.)
4. Add the degree contributions of Tn, T, Y, and y- to get the overall degree.
END OF ALGORITHM 1 B

Notes for Algorithm 1

1. In Step 3 of the box-setting phase, the width w(x,) of x, depends on the
accuracy of the approximate solution Z of the system F(x) = 0: w(x,)
should be much larger than |&; — x%|, but also should be sufficiently small for
a quadratic model to be accurate over the box.

2. We may set s to minimize the amount of work required to evaluate the sum
in Theorem 4.1. In particular, if we know sgnu,, = o on a large number of
faces, then setting s = —o will eliminate the need to search those faces.

ALGORITHM 2
Inputs: «,, and g, (or &z and gy,)
1. (a) Use mean-value extensions for ux(x,y) = 0 to solve for zj, to get sharper
bounds & with width O (||(zc - j:,y)||2>, 1<k<n-—1.
(b) If & N = 0, then return the degree contribution of that face as 0.
(¢) Update xy.
2. (a) Compute the mean-value extension u,, over that face.
(b) If s x sgn(u,) < 0, then return the degree contribution of that face as 0.
. Construct a small subinterval y¥ of y,, centered at .
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4. Step 4 to step 9 are identical to step 1(d) to step 1(i), respectively, of the
search phase in the algorithm in [10].
10. Apply Theorem 4.1 to compute the degree contribution of x,, or xs.
END OF ALGORITHM 2

ALGORITHM 3
Inputs: y,, and Z,, (or y; and &,.)
1. (a) Use mean-value extensions for v (z,y) = 0 to solve for y; to get sharper
bounds y,, with width O (H(a: — jc,y)||2>, 1<k<n-1
b) If g, Ny, = 0, then return the degree contribution of that face as 0.
¢) Update yy,.
a) Compute the mean-value extension u,, over that face.
(b) If s x sgn(u,) < 0, then return the degree contribution of that face as 0.
3. Construct a small subinterval 2 of @,, which is centered at #,,.
4. Step 4 to step 9 are identical to step 2(d) to step 2(i), respectively, of the
search phase in the algorithm in [10].
10. Same as step 10 of Algorithm 2.
END OF ALGORITHM 3

Notes for Algorithm 2 and Algorithm 3
1. Algorithms 2 and 3 are identical to steps 1 and 2 of the search phase of the
algorithm in [10], except, in Algorithm 2, ¢, can be any interior point of
Y,,, while 9, is assumed to equal zero in step 1 of the search phase in the
algorithm in [10]. Similarly, in Algorithm 3, &, can be any interior point of
x,, whereas &, is assumed to equal the center of x, in step 2 of the search
phase in the algorithm in [10].
2. In the overall algorithm, Algorithm 1, the actual inputs are y]' and Z]* when
Algorithm 3 is applied. However, for notational simplicity, we use y,, and i,
as inputs in the presentation of Algorithm 3. N
The computational complexity of Algorithms 1, 2, and 3 is O (n?). (See [10]
for detailed analysis.) Thus, the computational complexity of the overall algorithm,
Algorithm 1, is O (n3) This is the best possible order, since computing precondi-

(
2. (

tioners of the original system and the system F., is necessary and computing each
preconditioner is of order O (n3)

5. A Heuristic for the Degree. The algorithms in §4 require a value for d
to locate the approximate positions of solutions of Fﬁun = 0 on the faces we search.
Here, we present a practical heuristic for the value of d.

Suppose (2.3) and (2.4) are exact. Then, if we set zp — T = —ag(Tn — Tn),
k=1,...,n and plug those equalities into f,, we obtain a univariate function



_ (_1)2 ©\2 aan -
=5 (T, — Tp) Dr. O, (%) og, g, +
(_1)d _ x\d 82fn -
T I T By, (D) Ok
(=1)°A, a2 (D" Aga s yd-1
(=D%Ag,
d! n =)
—1)¢A 3 Ag ..
= ( (; d(xn n)d ﬁ(xn xn)d
Setting
s :g(xn_i‘n)_ﬁv _ d—r
K(r,zy — &n) = @50y i (Tn —2n)"",

it is clear that K(d,z, — &,) = Ag4/d! is independent of x,, while K(r,z,, — &)
depends on x,, for any other r value. We have the following ratios.

K(d,5(1‘n *jn)) _ % _ i
K(d,xp — &) Ifi b b

!
K(T, 5(xn - Zi'rl)) Aild 6(jn - xn))d_r _r
R(r) = Ko —n) P —a _5d

for any other r value. The first ratio R(d) always equals 1, but R(r), r # d, depends
on the § value. We can choose § to distinguish d from other r values. For example, if
we choose & = 100, then R(r) is not smaller than 100 when r is smaller than d and
is not larger than 0.01 when r is larger than d. Both values are sufficiently different
from 1. We can also vary the ¢ value to check our detection of d. Thus, R(r) is a
good heuristic to determine the value of d.

The above discussion is based on the assumptions in §2. However, unless the
first n — 1 components of F are exactly linear and the last component is a degree-d
polynomial of n variables, those assumptions are only approximately true. There are
some finer issues to consider. The above analysis is valid only when the equality

g(xn, — &p) = %(i"n — x,)?% is accurately approximated. That implies (&, — )%
should dominate the value of g(z, — Z,). Actually,
d—1 9]
g(mn - avjn) = chAk:(xn - -i'n>k + CdAd(-Tn - i'n)d + Z CkAk(mn - jjn)k>
k=1 k=d+1
where, approximately, Ay = ... = Ayz-1 =0, Ay # 0. Thus, x,, — &, and §(z,, — Tp)

should not be too small, since ZZ: cx Ay (z, — )" could dominate otherwise. They
should not be too big either, since ZZO: a4l ek A (2, — 2, )* could dominate otherwise.
IfAp=0,k=1,...,d—1 are quite accurate, then we can choose x,, — &, very small,
so both ZZ;; cxAg (2, — #,)F and Zzode cxAg(x, — #,)* can be ignored in the
detection of d.
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The choice of x,, — &, is independent of the settings of ®;, k = 1,...,n, since we
only want to know what d is at that stage.

An alternative choice for detecting d is to compute the values of Ay, k=1,2,...
by interval evaluations until we get some Ay, that is sufficiently different from 0.
Then, we can decide d = ky. The obvious disadvantage of this method is that it’s
too expensive for just detecting the value of d, since computation of Ay involves
computations of all k-th order derivatives. Furthermore, even if we actually evaluate
Ay, k=1,2,..., spending much time in the process, we still can not detect the value
of d if the magnitudes of A, k =1,...,d — 1,d, are not sufficiently different either
due to the problem itself or due to the range overestimation in interval computations.

6. Numerical Results. In this section, we present numerical results for the
algorithm in §4.

6.1. Test Problems. EXAMPLE 1. (The same as Ezample 3 from [10], moti-
vated from considerations in [5] Set f(x) = h(z,t) = (1 — t)(Azx — 2?) — tz, where
A € R™*"™ s the matriz corresponding to central difference discretization of the bound-
ary value problem —u" = 0, u(0) = u(1) = 0 and 2% = (22,...,22)T. t was chosen
to be equal to t1 = A1 /(1 + A1), where A1 is the largest eigenvalue of A.

In Example 1, if we change the exponent of x from 2 to 3, then we get another
problem.

EXAMPLE 2. This example is identical to Fxample 1, except that we set f(x) =
h(z,t) = (1 —t)(Az — 23) — t.

The test set consists of Example 1 and Example 2 with n = 5, 10, 20, 40, 80, 160.
For each test problem, we used (0,0,...,0), the exact solution to F(x) = 0, as the
approximate solution to the problem F'(z) = 0. We set the widths w(zy) and w(y;,)
to 1072 for 1 < k < n — 1, then the algorithm automatically computed w(z,) and
w(y,,). For all the problems, the algorithm succeeded.

6.2. Test Environment. The algorithm in §4 was programmed in the Fortran
90 environment developed and described in [8, 9]. Similarly, all the test functions were
programmed using the same Fortran 90 system, which generated internal symbolic
representations of the functions to execution of the numerical tests. In the actual
tests, generic routines then interpreted the internal representations to obtain both
floating point and interval values.

The Sun Fortran 95 compiler version 6.0 was used on a Sparc Ultra-1 model
140 with optimization level 0. Execution times were measured with the Port library
routine ETIME. All times are given in CPU seconds.

6.3. Test Results. We present the numerical results in Table 6.1.
The column labels of Table 6.1 are as follows.
Problem: names of the problems identified in §6.1.
n: number of independent variables.
Heuristic Degree: the heuristic value of the degree computed by the heuristic de-
scribed in §5.
Success: whether the algorithm was successful.
Verified Degree: topological degree verified by the algorithm.
CPU Time: CPU time in seconds of the algorithm.
Time Ratio: The ratio of two successive CPU times for a particular problem.
We can see from Table 6.1 that the algorithm was successful on all the problems in
the test set. We also see from the CPU time ratios that the algorithm is approximately
of order O (n3) in practice. However, when the degree is higher, the system F(z) is
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TABLE 6.1
Numerical Results

Heuristic Verified

Problem n  Degree  Success Degree | CPU Time Time Ratio
Example 1 5 2 Yes 2 1.13
Example 1 10 2 Yes 2 5.99 5.30
Example 1 20 2 Yes 2 38.40 6.41
Example 1 40 2 Yes 2 273.61 7.13
Example 1 80 2 Yes 2 2198.14 8.03
Example 1 | 160 2 Yes 2 13033.22 5.93
Example 2 5 3 Yes 3 39.27
Example 2 10 3 Yes 3 10.31 0.26
Example 2 20 3 Yes 3 74.32 7.21
Example 2 | 40 3 Yes 3 481.23 6.48
Example 2 | 80 3 Yes 3 3805.06 7.91
Example 2 | 160 3 Yes 3 33944.20 8.92

flatter at the singular solution. We can expect that the condition number of the Jacobi
matrix of the system Fﬁun will be larger, and thus, make the interval Newton method
method to verify the unique solutions of Fwn in Step 5 of Algorithm 2 and Step 5
of Algorithm 3 less efficient: More iterations should be expected when the condition
number is larger. The experimental results are consistent with our expectations.
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