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Historical motivation
Interval Newton operator:

N(d)
·

= d ∩
(

m(d)− f(m(d))

f ′(d)

)

Interval Multivalued Inverse Functions – p. 2



Historical motivation
Interval Newton operator:

N(d)
·

= d ∩
(

m(d)− f(m(d))

f ′(d)

)

What if 0 ∈ f ′(d)?
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Historical motivation
Interval Newton operator:

N(d)
·

= d ∩
(

m(d)− f(m(d))

f ′(d)

)

What if 0 ∈ f ′(d)?

[Moore, 1966] : f ′(d) shall not contain 0

dx/dy = {γ ∈ R | ∃α ∈ dx∃β ∈ dy : γ = α/β}, 0 /∈ dy

[Alefeld, 1968, Hanson, 1968, Kahan, 1968] Extended interval arithmetic

[Walster, 1998] Closed Interval Arithmetic (containment sets)
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Historical motivation
Interval Newton operator:

N(d)
·

= d ∩
(

m(d)− f(m(d))

f ′(d)

)

What if 0 ∈ f ′(d)?

[Moore, 1966] : f ′(d) shall not contain 0

dx/dy = {γ ∈ R | ∃α ∈ dx∃β ∈ dy : γ = α/β}, 0 /∈ dy

[Alefeld, 1968, Hanson, 1968, Kahan, 1968] Extended interval arithmetic

[Walster, 1998] Closed Interval Arithmetic (containment sets)

[Ratz, 1996] Extended interval division (z = x/y considered as a relation)

dx ⊘ dy = cch({γ ∈ R | ∃α ∈ dx∃β ∈ dy : βγ = α})

Return to “original” problem: f(m(d)) + f ′(d)(x−m(d)) = 0
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Functional IA

Relational IA

1978

[Ratz, 1996]: “relational” division (credits Kearfott)

[Kearfott, 1991]: multivalued inverse of elementary
functions ((NL)GS)
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Relational division and Gauss-Seidel

Given the linear constraint:

a1x1 + · · ·+ anxn = b (1)

Inner step of Gauss-Seidel (symbolic inversion on xi):

xi =
b− a1x1 + · · ·+ ai−1xi−1 + ai+1xi+1 + · · ·+ anxn

ai

(2)

Eq. (2) and Eq. (1) are “equivalent” when using relational
division
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The next step

What if we had relational versions of inverse power, inverse
cosine, . . . ?
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The next step

What if we had relational versions of inverse power, inverse
cosine, . . . ?

3x4 − 5xy2 + 6z = 1  y = rel

√

3x4+6z−1

5x

cos x + 3z tan y = 2  x = cos−1(2− 3z tan y)
...

f(x1, . . . , xn) = 0  xi = g(x1, . . . , xi−1, xi+1, xn)

Symbolic inversion of nonlinear constraints
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The next step

What if we had relational versions of inverse power, inverse
cosine, . . . ?

3x4 − 5xy2 + 6z = 1  y = rel

√

3x4+6z−1

5x

cos x + 3z tan y = 2  x = cos−1(2− 3z tan y)
...

f(x1, . . . , xn) = 0  xi = g(x1, . . . , xi−1, xi+1, xn)

Symbolic inversion of nonlinear constraints

 nonlinear Gauss-Seidel step
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Nonlinear Gauss-Seidel

GS
(

in F = (f1, . . . , fn) : R
n → R

n; inout B = d1 × · · · × dn ∈ I
n)

begin
modified ← true ;
B′ ← [−∞, +∞]n

while w(B) > ε and modified do
B′ ← B

for j = 1 to n do
dj ← dj ∩ tighten(fj , vj ,B)

endfor
modified ← (dist(B,B′) > ∆)

endwhile
end
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Nonlinear Gauss-Seidel

GS
(

in F = (f1, . . . , fn) : R
n → R

n; inout B = d1 × · · · × dn ∈ I
n)

begin
modified ← true ;
B′ ← [−∞, +∞]n

while w(B) > ε and modified do
B′ ← B

for j = 1 to n do
dj ← dj ∩ tighten(fj , vj ,B)

endfor
modified ← (dist(B,B′) > ∆)

endwhile
end

fj(x1, . . . , xn) = a1x1 + · · ·+ anxn

 tighten(fj , xj , B) : dj ← dj ∩
db−a1d1+···+aj−1dj−1+aj+1dj+1+···+andn

aj

Interval Multivalued Inverse Functions – p. 6



Nonlinear Gauss-Seidel

GS
(

in F = (f1, . . . , fn) : R
n → R

n; inout B = d1 × · · · × dn ∈ I
n)

begin
modified ← true ;
B′ ← [−∞, +∞]n

while w(B) > ε and modified do
B′ ← B

for j = 1 to n do
dj ← dj ∩ tighten(fj , vj ,B)

endfor
modified ← (dist(B,B′) > ∆)

endwhile
end

fj(x1, . . . , xn) nonlinear
 tighten(fj , xj , B) : dj ← dj ∩ Newton(fj , xj , B)
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Nonlinear Gauss-Seidel

GS
(

in F = (f1, . . . , fn) : R
n → R

n; inout B = d1 × · · · × dn ∈ I
n)

begin
modified ← true ;
B′ ← [−∞, +∞]n

while w(B) > ε and modified do
B′ ← B

for j = 1 to n do
dj ← dj ∩ tighten(fj , vj ,B)

endfor
modified ← (dist(B,B′) > ∆)

endwhile
end

fj(x1, . . . , xn) nonlinear
 tighten(fj , xj , B) : dj ← dj ∩ [Invert(fj , xj)](d1 × · · · × dj−1 × dj+1 × · · · × dn)

Interval Multivalued Inverse Functions – p. 6



Explicit inversion
Solving c : f(x1, x2) = x3

1 + x2
1x2 + x2

2 + 1 = 0 for x1 or x2:

[Kearfott, 1991] Decompose c into easily invertible constraints:

x3
1 + x2

1x2 + x2
2 + 1 = 0 

8

>

>

>

>

>

<

>

>

>

>

>

:

v1 − x3
1 = 0 v5 − x2

2 = 0

v2 − x2
1 = 0 v6 − (v4 + v5) = 0

v3 − v2x2 = 0 v7 − (v6 + 1) = 0

v4 − (v1 + v3) = 0

[Ceberio and Granvilliers, 2000]: Recursively invert constraint
expression with rules: f [x] + g = h f [x] = h− g

...
exp(f [x]) = h f [x] = log h

[Hansen and Walster, 2003]: Express f as g − h, with g easily
invertible for x1 or x2 and evaluate g−1(h), e.g.:

f(x1, x2) = x2
1x2 − (−1− x2

2 − x3
1) 

8

>

<

>

:

x1 =

r

−1−x2
2−x3

1
x2

x2 =
−1−x2

2−x3
1

x2
1
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Multivalued inverse function (1)
Definition of new relational operators

x

y y = x2

dx

dy

dxl
dxr











x ∈ [−4.5, 4.5]

y ∈ [10, 16]

x2 = y

{

dx ← dx ∩ sqrt_rel(dy)

dy ← dy ∩ pow(dx, 2)

 

{

x ∈ [−
√

16,
√

16]

y ∈ [10, 16]
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Multivalued inverse function (1)
Definition of new relational operators

x

y y = x2

dx

dy

dxl
dxr











x ∈ [−4.5,−2]

y ∈ [10, 16]

x2 = y

{

dx ← dx ∩ sqrt_rel(dy)

dy ← dy ∩ pow(dx, 2)

 

{

x ∈ [−
√

16,−2]

y ∈ [10, 16]
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Multivalued inverse function (1)
Definition of new relational operators

x

y y = x2

dx

dy

dxl
dxr











x ∈ [−4.5,−2]

y ∈ [10, 16]

x2 = y

{

dx ← dx ∩ sqrt_rel(dy ,dx)

dy ← dy ∩ pow(dx, 2)

 

{

x ∈ [−
√

16,−
√

10]

y ∈ [10, 16]
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Multivalued inverse function (2)
y = cos x, x ∈ dx

dy?

I ′x = acos_rel(dy ,dx) = [6π + acos 0.2, 8π − acos 0.2]

= {α ∈ dx | ∃β ∈ dy : β = cos α}

3π
2

ππ
2

dx2.7 4.5

dy
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Multivalued inverse function (2)
y = cos x, x ∈ dx

dy = cos dx = [−1, cos 4.5] = cch({cos α | α ∈ dx})
I ′x = acos_rel(dy ,dx) = [6π + acos 0.2, 8π − acos 0.2]

= {α ∈ dx | ∃β ∈ dy : β = cos α}

3π
2

ππ
2

dx2.7 4.5

dy
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Multivalued inverse function (2)
y = cos x, y ∈ dy

dx?

I ′x = acos_rel(dy ,dx) = [6π + acos 0.2, 8π − acos 0.2]

= {α ∈ dx | ∃β ∈ dy : β = cos α}

3π
2

ππ
2

dy

−0.3

0.2
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Multivalued inverse function (2)
y = cos x, y ∈ dy

dx = acos dy = [acos 0.2, acos−0.3] = cch({acos β | β ∈ dy})
I ′x = acos_rel(dy ,dx) = [6π + acos 0.2, 8π − acos 0.2]

= {α ∈ dx | ∃β ∈ dy : β = cos α}

3π
2

ππ
2

dy

−0.3

0.2

dx
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Multivalued inverse function (2)
y = cos x, y ∈ dy

What if x ∈ [20, 24]?
I ′x = acos_rel(dy ,dx) = [6π + acos 0.2, 8π − acos 0.2]

= {α ∈ dx | ∃β ∈ dy : β = cos α}

3π
2

ππ
2

dy

−0.3

0.2

dx
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Multivalued inverse function (2)
y = cos x, y ∈ dy

What if x ∈ [20, 24]?
d′

x = acos_rel(dy ,dx) = [6π + acos 0.2, 8π − acos 0.2]

= cch({α ∈ dx | ∃β ∈ dy : β = cos α} )

13π
2

7π 15π
2

8π20 24

−0.3

0.2

dy

d′

x
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Multivalued inverse function (2)
y = cos x, y ∈ dy

What if x ∈ [20, 24]?
d′

x = acos_rel(dy ,dx) = [6π + acos 0.2, 8π − acos 0.2]

= cch({α ∈ dx | ∃β ∈ dy : β = cos α} )

13π
2

7π 15π
2

8π20 24

−0.3

0.2

dy

d′

x

To ensure tight results, define (n + 1)-ary operators
 Relational Arithmetic
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Functional IA

Relational IA

[Cleary, 1987] : relational arithmetic
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Functional IA

Relational IA

[Cleary, 1987] : relational arithmetic

[Older, 1989] : Interval constraint solver (BNR Prolog)
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Functional IA

Relational IA

[Cleary, 1987] : relational arithmetic

[Older, 1989] : Interval constraint solver (BNR Prolog)

[Hyvönen and de Pascale, 1995] : (C++) library with relational
operators
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Functional IA

Relational IA

[Cleary, 1987] : relational arithmetic

[Older, 1989] : Interval constraint solver (BNR Prolog)

[Hyvönen and de Pascale, 1995] : (C++) library with relational
operators

[Hickey et al., 1998] : Formal description of relational division in
context of relational arithmetic
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Logical Arithmetic [Cleary, 1987] (1)
Prolog = programming with relations:
liege(arthur,caradoc).

liege(arthur,galahad).

:- liege(arthur,X).

:- liege(Y,galahad).

equation(X,Y):- Y is X*(X-2)+1.

:- equation(3,Y). # Y bound to 4

:- equation(X,0). # Failure!

Predicate “is/2” is essentially functional
Cleary disatisfied by actual implementation of arithmetic in Prolog

Logical arithmetic

Use of intervals to enclose the value of real variables

All operators become relations:
equation(X,Y):- add(V1,2,X), mul(X,V1,V2), add(V2,1,Y).

Implementation (mul/3):














dX ← dX ∩ (dZ⊘dY)

dd ← dd ∩ (dZ⊘dX)

dZ ← dZ ∩ (dX × dY)
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Logical Arithmetic [Cleary, 1987] (2)

Use of infinite bounds

Intervals may be open-ended

Unions of intervals (e.g., when dividing by an interval
containing 0) handled through backtracking (each
interval considered alternatively):
X=[-2,3], Y=[−∞, +∞], Z=[1,1], mul(X,Y,Z)

Y bound to [-∞,-1/2], and then to [1/3,+∞]
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BNR Prolog [Older, 1989]
BNR Prolog system:

Prolog implementation incorporating Cleary’s ideas

All operators are relations

Interval arithmetic used to solve continuous constraints







x2 + y2 = 1
x2 = y
x ∈ [−∞, +∞], y ∈ [−∞, +∞]

↓






























x2 = V1

y2 = V2

V1 + V2 = 1
y = x2

x ∈ [−∞, +∞], y ∈ [−∞, +∞]
V1 ∈ [−∞, +∞], V2 ∈ [−∞, +∞]

Constraint network

V1 + V2 = 1

x2 = V1 y2 = V2

y = x2

x ∈ [−∞,∞]
V1 ∈ [−∞,∞]

x ∈ [−∞,∞]
y ∈ [−∞,∞]

y ∈ [−∞,∞]
V2 ∈ [−∞,∞]

V1 ∈ [−∞,∞]
V2 ∈ [−∞,∞]

Propagation queue

x2 = V1

y2 = V2

V1 + V2 = 1
y = x2
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BNR Prolog [Older, 1989]
BNR Prolog system:

Prolog implementation incorporating Cleary’s ideas

All operators are relations

Interval arithmetic used to solve continuous constraints







x2 + y2 = 1
x2 = y
x ∈ [−∞, +∞], y ∈ [−∞, +∞]

↓






























x2 = V1

y2 = V2

V1 + V2 = 1
y = x2

x ∈ [−∞, +∞], y ∈ [−∞, +∞]
V1 ∈ [−∞, +∞], V2 ∈ [−∞, +∞]

Constraint network

V1 + V2 = 1

x2 = V1 y2 = V2

y = x2

x ∈ [−∞,∞]
V1 ∈ [0,∞]

x ∈ [−∞,∞]
y ∈ [−∞,∞]

y ∈ [−∞,∞]
V2 ∈ [−∞,∞]

V1 ∈ [0,∞]
V2 ∈ [−∞,∞]

Propagation queue

x2 = V1

y2 = V2

V1 + V2 = 1
y = x2

{

dx← dx ∩ sqrt rel(dV1
)

dV1
← dV1

∩ dx
2
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BNR Prolog [Older, 1989]
BNR Prolog system:

Prolog implementation incorporating Cleary’s ideas

All operators are relations

Interval arithmetic used to solve continuous constraints







x2 + y2 = 1
x2 = y
x ∈ [−∞, +∞], y ∈ [−∞, +∞]

↓






























x2 = V1

y2 = V2

V1 + V2 = 1
y = x2

x ∈ [−∞, +∞], y ∈ [−∞, +∞]
V1 ∈ [−∞, +∞], V2 ∈ [−∞, +∞]

Constraint network

V1 + V2 = 1

x2 = V1 y2 = V2

y = x2

x ∈ [−∞,∞]
V1 ∈ [0,∞]

x ∈ [−∞,∞]
y ∈ [−∞,∞]

y ∈ [−∞,∞]
V2 ∈ [0,∞]

V1 ∈ [0,∞]
V2 ∈ [0,∞]

Propagation queue

x2 = V1

y2 = V2

V1 + V2 = 1
y = x2

{

dy ← dy ∩ sqrt rel(dV2
)

dV2
← dV2

∩ dy
2
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BNR Prolog [Older, 1989]
BNR Prolog system:

Prolog implementation incorporating Cleary’s ideas

All operators are relations

Interval arithmetic used to solve continuous constraints







x2 + y2 = 1
x2 = y
x ∈ [−∞, +∞], y ∈ [−∞, +∞]

↓






























x2 = V1

y2 = V2

V1 + V2 = 1
y = x2

x ∈ [−∞, +∞], y ∈ [−∞, +∞]
V1 ∈ [−∞, +∞], V2 ∈ [−∞, +∞]

Constraint network

V1 + V2 = 1

x2 = V1 y2 = V2

y = x2

x ∈ [−∞,∞]
V1 ∈ [0, 1]

x ∈ [−∞,∞]
y ∈ [−∞,∞]

y ∈ [−∞,∞]
V2 ∈ [0, 1]

V1 ∈ [0, 1]
V2 ∈ [0, 1]

Propagation queue

x2 = V1

y2 = V2

V1 + V2 = 1
y = x2

{

dV1
← dV1

∩ (1− dV2
)

dV2
← dV2

∩ (1− dV1
)
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BNR Prolog [Older, 1989]
BNR Prolog system:

Prolog implementation incorporating Cleary’s ideas

All operators are relations

Interval arithmetic used to solve continuous constraints







x2 + y2 = 1
x2 = y
x ∈ [−∞, +∞], y ∈ [−∞, +∞]

↓






























x2 = V1

y2 = V2

V1 + V2 = 1
y = x2

x ∈ [−∞, +∞], y ∈ [−∞, +∞]
V1 ∈ [−∞, +∞], V2 ∈ [−∞, +∞]

Constraint network

V1 + V2 = 1

x2 = V1 y2 = V2

y = x2

x ∈ [−∞,∞]
V1 ∈ [0, 1]

x ∈ [−∞,∞]
y ∈ [−∞,∞]

y ∈ [−∞,∞]
V2 ∈ [0, 1]

V1 ∈ [0, 1]
V2 ∈ [0, 1]

Propagation queue

x2 = V1

y2 = V2

V1 + V2 = 1
y = x2

x2 = V1

y2 = V2

{

dV1
← dV1

∩ (1− dV2
)

dV2
← dV2

∩ (1− dV1
)
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BNR Prolog [Older, 1989]
BNR Prolog system:

Prolog implementation incorporating Cleary’s ideas

All operators are relations

Interval arithmetic used to solve continuous constraints







x2 + y2 = 1
x2 = y
x ∈ [−∞, +∞], y ∈ [−∞, +∞]

↓






























x2 = V1

y2 = V2

V1 + V2 = 1
y = x2

x ∈ [−∞, +∞], y ∈ [−∞, +∞]
V1 ∈ [−∞, +∞], V2 ∈ [−∞, +∞]

Constraint network

V1 + V2 = 1

x2 = V1 y2 = V2

y = x2

x ∈ [−∞,∞]
V1 ∈ [0, 1]

x ∈ [−∞,∞]
y ∈ [0,∞]

y ∈ [0,∞]
V2 ∈ [0, 1]

V1 ∈ [0, 1]
V2 ∈ [0, 1]

Propagation queue

x2 = V1

y2 = V2

V1 + V2 = 1
y = x2

x2 = V1

y2 = V2

{

dx← dx ∩ sqrt rel(dy)
dy ← dy ∩ dx

2
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BNR Prolog [Older, 1989]
BNR Prolog system:

Prolog implementation incorporating Cleary’s ideas

All operators are relations

Interval arithmetic used to solve continuous constraints







x2 + y2 = 1
x2 = y
x ∈ [−∞, +∞], y ∈ [−∞, +∞]

↓






























x2 = V1

y2 = V2

V1 + V2 = 1
y = x2

x ∈ [−∞, +∞], y ∈ [−∞, +∞]
V1 ∈ [−∞, +∞], V2 ∈ [−∞, +∞]

Constraint network

V1 + V2 = 1

x2 = V1 y2 = V2

y = x2

x ∈ [−1, 1]
V1 ∈ [0, 1]

x ∈ [−1, 1]
y ∈ [0, 1]

y ∈ [0, 1]
V2 ∈ [0, 1]

V1 ∈ [0, 1]
V2 ∈ [0, 1]

Propagation queue

x2 = V1

y2 = V2

V1 + V2 = 1
y = x2

x2 = V1

y2 = V2
...

Domain reduction by primitives
+ intelligent propagation [Mackworth, 1977]:
Compare with [Kearfott, 1991]
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Free-Steering Nonlinear Gauss-Seidel

GGS
(

in F = (f1, . . . , fn) : R
n → R

n; inout B = d1 × · · · × dn ∈ I
n)

begin
modified ← true ;
B′ ← [−∞, +∞]n

while w(B) > ε and modified do
Lfv ← select({f1, . . . , fn}, {x1, . . . , xn},B′,B)
B′ ← B

foreach (fi, vj) in Lfv do
dj ← dj ∩ tighten(fi, vj ,B)

endfor
modified ← (dist(B,B′) > ∆)

endwhile
end
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Hull consistency
[Benhamou and Older, 1997]: Formalization of BNR Prolog algorithms

Definition 1 A constraint c(x1, . . . , xn) is hull consistent w.r.t. a box
B = d1 × · · · × dn iff B cannot be tightened without losing solutions of c.

Example: c : x + y = z is not hull consistent w.r.t. ([3, 5], [−2, 4], [0, 9]).

Hull consistency “easy” to compute for primitives (xy = z, x + y = z,
xn = y, cos(x) = y,. . . )

Computing the tightess box for arbitrary constraints is difficult

1. Decomposition of a constraint c into a conjunction of primitives
c1 ∧ · · · ∧ cp

2. Definition: A conjunction of constraints c1 ∧ · · · ∧ cp is hull
consistent w.r.t. a box B iff c1, . . . , cp are hull consistent w.r.t. B

3. Efficient propagation in constraint network by AC3-like
algorithm [Mackworth, 1977]

HC3






































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Avoiding decomposition
HC3 inefficient for large constraint systems with “complicated”
constraints

HC4 [Benhamou et al., 1999]: bottom-up and top-down sweep in
constraint expression tree (no decomposition)
HC4 on y(x2 + y) = 3, dx = [1, 2], dy = [1, 2]?

=

[3 .. 3] × [2 .. 12 ]

[1/2 .. 3/2]
y1 [1 .. 2 ] [3 .. 3]/[1 .. 2]=[3/2 .. 3]

+ [2 .. 6 ]

[3/2 .. 3]-[1 .. 2]=[−1/2 .. 2] ˆ [1 .. 4 ]

[−
√

2 ..
√

2] x [1 .. 2 ] 2 2

[−5/2 .. 2]
y2 [1 .. 2 ]

[3 .. 3] 3 [3 .. 3 ]

Two sweeps in the tree:


















d′

x ← dx ∩
√

[3,3]
dy1
− dy2

d′

y1
← dy1

∩ [3,3]
dx

2+dy2

d′

y2
← dy2

∩
(

[3,3]
dy1
− dx

2
)
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√
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√

2] x [1 .. 2 ] 2 2

[−5/2 .. 2]
y2 [1 .. 2 ]

[3 .. 3] 3 [3 .. 3 ]
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













d′

x ← dx ∩
√

[3,3]
dy1
− dy2

d′

y1
← dy1

∩ [3,3]
dx

2+dy2

d′

y2
← dy2

∩
(

[3,3]
dy1
− dx

2
)
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√
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


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√
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Avoiding decomposition
HC3 inefficient for large constraint systems with “complicated”
constraints

HC4 [Benhamou et al., 1999]: bottom-up and top-down sweep in
constraint expression tree (no decomposition)
HC4 on y(x2 + y) = 3, dx = [1, 2], dy = [1, 2]?

=

[3 .. 3] × [2 .. 12 ]

[1/2 .. 3/2]
y1 [1 .. 2 ] [3 .. 3]/[1 .. 2]=[3/2 .. 3]

+ [2 .. 6 ]

[3/2 .. 3]-[1 .. 2]=[−1/2 .. 2] ˆ [1 .. 4 ]

[−
√

2 ..
√

2] x [1 .. 2 ] 2 2

[−5/2 .. 2]
y2 [1 .. 2 ]

[3 .. 3] 3 [3 .. 3 ]

y1 × [2 .. 6] = [3 .. 3]
⇒ y1 = [3..3]

[2..6] = [1/2 .. 3/2]
Two sweeps in the tree:


















d′

x ← dx ∩
√

[3,3]
dy1
− dy2

d′

y1
← dy1

∩ [3,3]
dx

2+dy2

d′

y2
← dy2

∩
(

[3,3]
dy1
− dx

2
)
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Avoiding decomposition
HC3 inefficient for large constraint systems with “complicated”
constraints

HC4 [Benhamou et al., 1999]: bottom-up and top-down sweep in
constraint expression tree (no decomposition)
HC4 on y(x2 + y) = 3, dx = [1, 2], dy = [1, 2]?

=

[3 .. 3] × [2 .. 12 ]

[1/2 .. 3/2]
y1 [1 .. 2 ] [3 .. 3]/[1 .. 2]=[3/2 .. 3]

+ [2 .. 6 ]

[3/2 .. 3]-[1 .. 2]=[−1/2 .. 2] ˆ [1 .. 4 ]

[−
√

2 ..
√

2] x [1 .. 2 ] 2 2

[−5/2 .. 2]
y2 [1 .. 2 ]

[3 .. 3] 3 [3 .. 3 ]

Two sweeps in the tree:


















d′

x ← dx ∩
√

[3,3]
dy1
− dy2

d′

y1
← dy1

∩ [3,3]
dx

2+dy2

d′

y2
← dy2

∩
(

[3,3]
dy1
− dx

2
)

HC4revise:







d′′

y ← dy ∩ d′

y1
∩ d′

y2
= [1, 3/2]

d′′

x ← dx ∩ d′

x = [1,
√

2]
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Avoiding decomposition
HC3 inefficient for large constraint systems with “complicated”
constraints

HC4 [Benhamou et al., 1999]: bottom-up and top-down sweep in
constraint expression tree (no decomposition)
HC4 on y(x2 + y) = 3, dx = [1, 2], dy = [1, 2]?

=

[3 .. 3] × [2 .. 12 ]

[1/2 .. 3/2]
y1 [1 .. 2 ] [3 .. 3]/[1 .. 2]=[3/2 .. 3]

+ [2 .. 6 ]

[3/2 .. 3]-[1 .. 2]=[−1/2 .. 2] ˆ [1 .. 4 ]

[−
√

2 ..
√

2] x [1 .. 2 ] 2 2

[−5/2 .. 2]
y2 [1 .. 2 ]

[3 .. 3] 3 [3 .. 3 ]

Two sweeps in the tree:


















d′

x ← dx ∩
√

[3,3]
dy1
− dy2

d′

y1
← dy1

∩ [3,3]
dx

2+dy2

d′

y2
← dy2

∩
(

[3,3]
dy1
− dx

2
)

HC4 is in essence [Kearfott, 1991]’s Alg. 3.1 with particular ordering
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Even faster: FBPD [Vu et al., 2004]

3

*

x

^

*

2

* *

y

^

*

-

++

4

*

+

2

5

-8

[0, 0] [0, 0]

Vu, Schichl, & Sam-Haroud:

Propagation on DAGs instead of trees

Propagation on selected variables







3x2y − 4xy2 + 5x2 = 0

−8x2y + 4y2 − 4xy2 = 0
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Effective use of relational operators

Relational operators make for cheap contracting
algorithms (e.g., HC4)

Good reduction of large boxes
(see circle/parabola example)

HC4-like algorithms at their best if no multi-occurrence
of variables

[Granvilliers and Benhamou, 2001] : smart combination of
multidimensional interval Newton method and HC4 to solve
the Ebers & Moll circuit design problem
[Ebers and Moll, 1954]

Note: in general, HC4 [Benhamou et al., 1999] and
HC [Hansen and Walster, 2003] do not achieve hull
consistency
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Availability of relational arithmetic

Tools

Realpaver : constraint solver with HC3, HC4, and more

Globsol : HC3/HC4-like

ECLIPSe : HC3

Prolog IV : HC3

Libraries

Ilog Solver : HC3, HC4? (operators directly accessible?)

smath : almost all relational operators in a C library

Boost : unreleased as of v. 1.34.1

gaol : relational operators specified by the C++ standard
proposal [Brönnimann et al., 2006] (except atan2_rel)
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Gaol
Gaol is not Just Another Interval Library

C++ library developed at EPFL, Switzerland from 2000 to 2001 and
in Nantes, France since 2001

Availability from SourceForge: http://sf.net/projects/gaol/

Implements functional as well as relational interval arithmetic

New version (not yet released) uses SIMD SSE2 instructions

Algorithms detailed in Technical Report hal-00288457
Interval Extensions of Multivalued Inverse Functions, F. Goualard,
2007

Used in Constraint Explorer (Dassault Aviation), and research
projects at various universities and labs. [CWI, (UTEP?), UNantes,
UMelbourne. . . ]
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Relational arithmetic & standards
C++ Standard Library proposal
Relational operators available
(Section 26.6.15 mathematical relations ):

acos_rel(dx, dr) = cch {r ∈ dr | cos r ∈ dx}
acosh_rel(dx, dr) = cch {r ∈ dr | cosh r ∈ dx}
asin_rel(dx, dr) = cch {r ∈ dr | sin r ∈ dx}
atan_rel(dx, dr) = cch {r ∈ dr | tan r ∈ dx}
atan2_rel(dy, dx, dr) = cch {r ∈ dr | cos r ∈ dx ∧ sin r ∈ dy}
sqrt_rel(dx, dr) = cch {r ∈ dr | r2 ∈ dx}
nth_root_rel(dx, n, dr) = cch {r ∈ dr | rn ∈ dx}
div_rel(dx, dy) = cch {r ∈ R | ∃y ∈ dy : ry ∈ dx}
In gaol: div_rel(dx, dy, dr) = cch {r ∈ dr | ∃y ∈ dy : ry ∈ dx}
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Relational arithmetic & standards
C++ Standard Library proposal
Relational operators available
(Section 26.6.15 mathematical relations ):

acos_rel(dx, dr) = cch {r ∈ dr | cos r ∈ dx}
acosh_rel(dx, dr) = cch {r ∈ dr | cosh r ∈ dx}
asin_rel(dx, dr) = cch {r ∈ dr | sin r ∈ dx}
atan_rel(dx, dr) = cch {r ∈ dr | tan r ∈ dx}
atan2_rel(dy, dx, dr) = cch {r ∈ dr | cos r ∈ dx ∧ sin r ∈ dy}
sqrt_rel(dx, dr) = cch {r ∈ dr | r2 ∈ dx}
nth_root_rel(dx, n, dr) = cch {r ∈ dr | rn ∈ dx}
div_rel(dx, dy) = cch {r ∈ R | ∃y ∈ dy : ry ∈ dx}
In gaol: div_rel(dx, dy, dr) = cch {r ∈ dr | ∃y ∈ dy : ry ∈ dx}

What about IEEE Interval arithmetic standard?
See Neumaier’s draft
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Implementation
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xn = y (1)

nth_root_rel(dy, n,dx) = cch {x ∈ dx | ∃y ∈ dy : y = xn}, n ∈ N.

y

x
yfl△( 1

n)

yfl▽( 1
n)

y
1
n

1

1

-1

-1

a1 b1 a2 b2

a3 b3
a4 b4

Odd powers

y

x
yfl△( 1

n)

yfl▽( 1
n)

y
1
n

1

1

a1 b1
a2 b2

Even powers
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xn = y (2)
# Computes an enclosing interval for
# cch {x ∈ dx | ∃y ∈ dy : y = xn}
function nth_root_rel (dy ∈ I, n ∈ N, dx ∈ I):

if n = 0:
if 1 ∈ dy :

return dx

else :
return ∅

elsif n = 1:
return dx ∩ dy

else :
if odd(n):

if dx = ∅ ∨ dy = ∅:
return ∅

# Computing the left bound
if dy > 1:

l← pow_dn (dy, O)

elsif dy > 0:

l← pow_dn (dy, fl△

“

1
n

”

)

elsif dy > −1:
l← pow_dn (dy, O)

else :

l← pow_dn (dy, fl△

“

1
n

”

)

# Computing the right bound
if dy > 1:

l← pow_up (dy, fl△

“

1
n

”

)

elsif dy > 0:
l← pow_up (dy, O)

elsif dy > −1:

l← pow_up (dy, fl△

“

1
n

”

)

else :
l← pow_up (dy, O)

return [l, r] ∩ dx

else : # even(n)
dy

′ ← dy ∩ [0, +∞]
if dx = ∅ ∨ dy

′ = ∅:
return ∅

# Computing the left bound
if dy > 1:

l← pow_dn (dy, O)

else :

l← pow_dn (dy, fl△

“

1
n

”

)

# Computing the right bound
if dy > 1:

l← pow_up (dy, fl△

“

1
n

”

)

else :
l← pow_up (dy, O)

return cch ([l, r] ∩ dx) ∪ ([−r,−l] ∩ dx)
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cos(x) = y (1)

Computing the inverse cosine of [c, d] w.r.t. [a0, b0]

0 π
2

π 2π x

y

b0
a0 b3

a3a2 b2
a1 b1

d

c
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cos(x) = y (2)
# Returns an enclosing interval for the preimage of dy

# w.r.t. the cosine function and dx :
# acos_rel(dy, dx) ⊇ cch {x ∈ dx | ∃y ∈ dy : y = cos x}
function acos_rel (dy ∈ I, dx ∈ I):

if dx = ∅ ∨
`

dy ∩ [−1, 1]
´

= ∅:
return ∅

if [−1, 1] ⊆ dy :
return dx

acosI y ← acos(dy)
# Checking whether the left bound is too large
# to perform a reliable range reduction
# That is, kl would be off by more than one unit
if dx /∈ [−252, 252]:

Rleft ← dx

else :
if dx < 0:

kl ←

—

fl▽

„

dx
fl▽(π)

«�

elsif dx > 0:

kl ←

—

fl▽

„

dx
fl△(π)

«�

else :
kl ← 0

# From here, the kl computed is at most off by 1
# less than its exact value
Rleft ← acos_k (kl, acosI y) ∩ dx

if Rleft = ∅:
Rleft ← acos_k (kl + 1, acosI y) ∩ dx

# Checking whether the right bound is too large
# to perform a reliable range reduction
# That is, kr would be off by more than one unit
if dx /∈ [−252, 252]:

Rright ← dx

else :
if dx < 0:

kr ←

—

fl△

„

dx
fl△(π)

«�

elsif dx > 0:

kr ←

—

fl△

„

dx
fl▽(π)

«�

else :
kr ← 0

# From here, the kr computed is at most off by 1
# more than its exact value
if kr = kl :

Rright ← Rleft
else :

Rright ← acos_k (kr, acosI y) ∩ dx

if Rright = ∅:
Rright ← acos_k (kr − 1, acosI y) ∩ dx

return [Rleft, Rright]

function acos(dy ∈ I):
I′y ← dy ∩ [−1, 1]

if I′y = ∅:
return ∅

else :
return [acos_dn (I′y), acos_up (I′y)]

function acos_k (k ∈ Z, acosI y ∈ I):
# Computes acosIy translated to the kth period

if even(k):
return kΠ + acosI y

else :
return (k + 1)Π− acosI y
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