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Reaction-Diffusion system

(ou o%u /u,v :density or population\
— =D, —+ f(u,v), o N

< ot OX X D,, D, : diffusion coefficients
ov ? (x,t) e RxR |

—— =D _V+ g(u,v) f, g :nonlinear terms

Lot ox? | o _/

|1|I> Enclosing of (steady-state) solution, linearized eigenvalue problem
(Infinite dimensional problem, coupling type)

U

e.g. Stability of the periodic solution --+ Difference between bounded domain and

unbounded domain ? 3



FitzHugh-Nagumo equation

ou Gl
—=D,—+ f(u,v),

u 2

< ot OX

oV o’V
o Dge oy

with  f(u,v)=u(l—u)(l+u)-v,
g(u,v) =¢e(u—pv)
(&,7 : constants )

Steady-state solution in 1D bounded domain, Neumann B.C.
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" A

Q=(0,b)cR ¢&y>0
DUu"+u(l-u)l+u)-v=0 inQ
DV'+e(U—-yv)=0 InQ
u'=v'=0 onoQ

N

Cf. Dirichlet type:
Watanabe, Y., A numerical verification method of solutions for an
elliptic system of reaction-diffusion equations, submitted.

(—gzu”zu(l—u)(u—a)—§v for —1<x<1
—V"'=u—-pv for -1<x<1
u=v=0 for xe{-11]

-

N

—g’Au=u—-Uu’-9ov inQ Q=(0,1)x(0,1)
I—AV=U-—»v InQ
u=v=0 onoQ




Function spaces

X* = {V ->c,
n=0

c, € R, Y n*c <oo}c H*(Q)
n=0

XN = {V = ZN:Cn(Dn
n=0

CneR}c X*

Nz X
where @, =COS "

no

(2,,2,),.=(2,2)) . +(2,2,). 7,2, € X,

o=

|z 7' iz +|2 iz Ze X,
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Ly =—y"+y

Lemma 1.
For all ¢ € X’ there exists a unique solution

e X*of Ly=¢.

(Proof)
FOI‘ ¢:Z¢n¢n (¢n€R1n:0’l121”')
n=0
o0 ¢n
I t w — Wn¢nl Wn —
otV =L, (nz /by +1

=) Ly=¢ 4
weX? Zn4wf:?z¢f<oo
n=0 n=0



Projections

~

Define a H*- projection P, : X*— X by

<z—I5Nz,zN>X1 =0 zeX'Vz,eX,

o0 N
P, :X > X, st P, (chq)ﬂj:chgpﬂ
n=0 n=0

Note that P,

I:)N
Define P: X x X = X x X, by

P(Zl’ Zz) — (PN Zy, PN Zz)’ £,Z, € Xl



Error estimates

Lemma 2.

For ze X°?

|lz—Pyz|,. <C(N)|LZ|| .
where

C(N) = b

Jb%+ (N +1)2 72

Moreover

|lz- P,z - <C(N)|z-P,z .




(Proof of Lemma 2)

For Z=) C.o,
n=0

! / 2
z _(PN Z) | 2

= 2 aleill: + X cilleals

00 2_12
-y {1+”b7f }cg o,

n=N+1
o0

Eﬂh—%z

\h—&z;

2
12
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[(Ld=z-PRz inQ

e 2 .
Consider @ € X° s.t. 1(1),:0 on 20

o |@-P@
<|z—-PRyz|,. C(N)||LD|| .
C(N)|lz-P,z

Xl

IN
N
|
_U
N

L2

o |z-Pyz

> <C(N)|z-P,z

1
X" N



Embedding constant

Lemma 3.
Let | =(a,b), a<bh.
For ue H*(I)
ol <K, Jul @< p<e)
where
Ca,b (p:OO)
K, = v,
(b-a)""C,, (2<p<w)
C..= max{i 2(b—a)}
P b-a’

(proved by a partial differentiation and Schwarz’s inequality)



Fixed pol

nt formulation

{Duu”+ u@l-u)l+u)—-v=0 {DuLu =u(l-u)(@+u)-v+D,u
1 <

DV'+e(u—-yv)=0

Define F: X 'x X' > X'x X' by

11
~~
c
<
~—
I

\

= 1)

(1

5 L {u(@—u)@+u)—v+D,u}

Di L {e(u—pv)—v+D,v}

Vv

< (u,v)=F(u,v)

\

D,Lv=g(u—-yv)+Dyv

compact operator
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Verification conditions

w = (U, V)

W=F(W)—){

wy, =(uy,Vv,) € X x X, approximate solution

N (W) = Pw—[1 - F'(W,)]. (Pw—PF(w))

Pw=PF(w) Newton’s method
(I —-P)w= (I —P)F(w) Error estimate

ﬁ—lere we assumed that the restriction to X, x X, of the operatoﬁ

P[I —F’(WN)]: XIx X' > Xy X Xy
has an inverse
[1=F' ()], Xy x Xy = Xy x Xy,

\This assumption can be checked in the actual computation.

_/
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Define T : X'x X' > X'x X' by
TwW)=NW)+(I-P)F(w)
Then T is a compact operator and

w=F(Ww) < w=T(w)

holds.

By Schauder’s fixed point theorem, if there exists a non-empty,
convex, bounded and closed set W Xtx Xt st
TW)cW,

then there exists a fixed point of T inW .
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Candidate set
W =UxV c X*x X*
U=u,+U,+U,,
V =v, +V+V,

J_:{¢J_€X|j ¢¢ Xlgaz}
}

I:> Find a,,0,,5,5, >0

v =19 € Xy |12 Xlglgl '
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Sufficient conditions for T(WW) cW
TW)cW
fl
NW) < PW)
(1-P)F(W) c (I -P)W

N

u (u,v)ew

DiC(N) sup |le(u—pyv)+D,v

L Py (u,v)ew

EC(N) sup [u@—u)@+u)—-v+Dyul. <e,

|2 S182
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Numerical results
D, =0.08,D,=20,£=3.0,7=2/3

N =400
0(1 = 3716165){10_3, az — 3036165)(10_3
f, =1.190685x10"°, 3, =1.190685x10"°
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Future works

m 2D or 3D problems

m Periodic boundary condition

m Extension to an unbounded domain
(stability analysis)

e n—

m Non-steady-type solution
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